The bifurcation structure of the Langford equation is studied numerically in detail. Periodic, doubly-periodic, and chaotic solutions and the routes to chaos via coexistence of double periodicity and period-doubling bifurcations are found by the Poincaré plot of successive maxima of the first mode x 1 .
Introduction
A quasi-periodicity route to turbulence due to Ruelle and Takens [7] is that transition could occur via three successive Hopf bifurcations, leading from a fixed point to a limit cycle, then to a torus and finally to a 3-torus. On the other hand, double periodicity is considered to be well modeled by the one dimensional sine-circle map, which indicates that frequency-locking and periodic solutions appear as the nonlinear parameter increases. Therefore, it is a natural question what actually happens on attractors of a simple set of ordinary differential equations (ODEs) having double periodicity, like the Langford equation [4] [5] [6] . Similar numerical studies have been done for the five dimensional ODEs modeling magnetoconvection [1, 2] and the six dimensional ODEs of the Gledzer shell model of turbulence [8] . In the latter case the parameter to be changed is the viscosity, or equivalently, the Reynolds number. Both studies show a bifurcation structure very similar to that of the sine-circle map, although triple periodicity is stated based on the numerically obtained Lyapunov exponents in [2] . The presented results correspond to a detailed study that extends Langford [4] [5] [6] .
In Section 2, a method to construct the three dimensional Poincaré section is proposed. For triple periodicity expected by Ruelle and Takens [7] , points lie on a surface. Frequency-locked double periodicity indicates points on a closed curve embedded on the surface. Section 3 gives the Langford equation with an explanation of the evolution of the energy and selected parameters. In Section 4, numerical results of bifurcation structures of the equation are shown. It is confirmed that, instead of triple periodicity, we have double periodicity, frequency-locking and perioddoubling bifurcations. The structure is very complicated; frequency-locking corresponding to the Farey sequence with the index up to 14 is confirmed, and plural sequences of the perioddoubling bifurcations are observed. Summary and further possibilities to explore complexity of dynamical systems modeling fluid dynamics and other high dimensional systems with the presented approach are described in Conclusions.
Triple periodicity
As a typical example of triple periodicity, we consider the following function which is a sum of three sinusoidal functions of t; 1 x(t; a, ω) = sin t + sin πt + a sin ωt.
(1)
A standard method to construct the Poincaré map used in [1, 8] is to seek for successive local maxima x n of x(t). Then we let z n = x n + ix n+1 and θ n = (2π) −1 Arg(z n ) (mod 1). For double periodicity, θ n obeys the generalized sine-circle map [8] , which gives a curve on the (θ n , θ n+1 ) plane. Similarly, we can anticipate a surface in the (θ n , θ n+1 , θ n+2 ) space. To check this analogy, we show the Poincaré plot of Eq. (1) in the time interval 0 < t < 5000 for double periodicity a = 0 in Figure 1 , triple periodicity a = 0.5, ω = √ 2 in Figure 2 , and frequency-locked double periodicity a = 0.5, ω = 1.4 in Figure 3 . Points lie on a curve in Figure 1 (a) and on a torus in Figure 2 (a), whose three dimensional structure can be viewed by a new 3D graphics function in Mathematica 6. The latter indicates a possibility that θ n+2 can be expressed by a function of θ n and θ n+1 . This Poincaré plot will give a method to identify triple periodicity among complicated time series of general numerical or observed data.
We have 5:7 frequency-locking in the case of Figure 3 . Correspondingly, points are again on a curve, which is more complicated than that in Figure 1 . Actual data may contain higher harmonics in Eq. (1) but the qualitative behavior can be expected to be similar.
The Langford Equation
The Langford equation is the set of three ordinary differential equations for x i (t), i = 1, 2, 3, given as follows:
The temporal evolution of the energy defined by E = (1/2)
2
The set of the parameters fixed in this paper is borrowed from [6] as
and e is the changing parameter. Because b > 0 and f > 0, the right hand side of (5) becomes negative if E is sufficiently large for e = 0, leading to the proof that the solution is finite. If e = 0, the finiteness of the solution is unknown but supported by the numerical solution for small e.
The contraction rate of the volume element in the phase space is given by
It depends on the position in the phase space. If e = 0, it becomes negative for sufficiently large values of E since f is positive and the quadratic terms become dominant.
Bifurcation Structure
Before we show numerical results of the Langford equation, it is useful to review the bifurcation structure of the sine-circle map:
In order to compare the diagram of (8) with that of the Langford equation, the parameter Ω and K are parametrized as
The initial condition is θ 1 = 0, 0 < α < 1, ∆α = 0.001, the total iteration is 400, and the last 200 steps are plotted in Figure 4 . Although double periodicity and frequency-locking are illustrated by the sine-circle map in many literatures, the period-doubling bifurcation is also observed at α ≃ 0.6 in Figure 4 , which can make it easy to understand the similarity of the bifurcation structures between the sine-circle map and the Langford equation shown up to the Farey index n = 14 in Table 1 .
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served in Figure 6 . Figure 7 shows the diagram enlarged for 0.021 < e < 0.0235. Figure 8 shows the diagram for 0.0243 < e < 0.0253. The period-doubling bifurcations observed on both of the two parameter regions of 43:58 resonance.
The periodicity can be also judged by numerical computation of the square of the minimum
indicating the accuracy of recurrence. In Figure 9 for 0.0272 < e < 0.0283, the small value of D indicates frequency-locked periodicity including resonances corresponding to n = 15 (35:47) and n = 16 (38:51 and 93:125) of F n .
The width of resonance decreases as the index n of F n increases, that implies scaling laws as noted by [1] . Summary of observed stable periodic windows is given in Table 2 . Figure 10 shows the parameter e versus the Farey index n for the periodic windows. Many of resonances m 1 : m 2 corresponding to Farey sequence F n are confirmed, although some of them are not observed because of the possible lack of stability.
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Conclusions
In conclusion, bifurcation structures similar to [1, 2, 8] is observed in the Langford equation; the coexistence of the double periodicity, frequency-locking and period-doubling bifurcations. The
Langford equation would be one of the most illustrative ODE systems having double periodicity since it consists of only three variables. Each periodic attractor represents a corresponding knot in three dimensional space, as discussed in [3] for the Lorenz system and in [2] for the magnetoconvection system.
Recent progress of cost performance in computer hardware would make it possible to judge whether similar double periodicity and frequency-locking appear in the high dimensional NavierStokes turbulence and other chaotic systems. The method to judge quasi periodicity would be basically the same as that stated in the presented work. Poincaré plot of (1) for the triple periodicity a = 0.5, ω = √ 2 in (a) the (x n , x n+1 , x n+2 ) space, on (b) the (θ n , θ n+1 ) plane, and in (c) the (θ n , θ n+1 , θ n+2 ) space. The points are on the surface in Figure 2 (a) and 2(c). As a in Eq. (1) increases, the width of the surface becomes large. 
